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Basic Definitions

Probability Triples
(Q, #,P) where

» () is a set. It's called the sample set.

» F C 2% is a o -algebra. Simply said, it's the set of all
events.

» P:.F# — [0,1] is called a probability measure. Strictly
speaking, P is a finite measure with P(2) = 1.

> A filtration (#:)t>0 is a set of sub-o-algebras of the set of
events, with the property .%; C %, Vs>t t > 0. .%;
represents the information available to an observer after
time t.
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Normal distribution

A random variable X : 2 — R is said to have a normal
distribution with mean p and variance o if

IP(X<X):/X ! exp(— (Z_'u)z)dz

— 00 27'('0'2
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Definition of Brownian Motion.

A standard one- dimensional Brownian motion is a continuous,
adapted process B = {B;,.%;;0 < t < oo} on some probability
space (£2,.%,P) with the properties:

1. Bo =0 a.S.;

2. for 0 < s < t, the increment B; — Bs is independent of ..
In particular, this means that, for any 0 < ty, ..., t, < oo, the
increments By, — By, ... , By, — B; _, are independent;

3. for 0 < s < t, the increment B; — By is normally distributed
with mean 0 and variance t — s.
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Properties Motion?

Basic Properties

The Brownian Motion we have defined above is a very elegant
structure to manipulate. There are many levels of symmetry of
the path properties, and the study of such brings out a wide
variety of rich and subtle results. It frequently appears in
stochastic analysis, financial mathematics, mathematical biology,
population dynamics, statistical mechanics, .... Here are some of
the elementary results concerning Brownian Motions.
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Finite Moments

E|B; — Bs|P = G|t — s|P/2¥p > 0.

Martingale property
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Quadratic Varience

<B>¢= lim Y B, — B, ,[>=t
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Basic Properties

Nowhere differentiability

For almost every w € 2 the Brownian path B;(w) is nowhere
differentiable.
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Distributional Invariance Motion?

Basic Properties

Scaling

For ¢ > 0, {X;, %;0 <t < oo} where X; = \%Ba is a

standard Brownian Motion.

Time Inversion

{Yhyty; O S t < OO} Where Yt p— t1t>0(t)B]_/t

Lévy Characterization

Let M be a continuous Martingale process with initial zero, with
bracket process < M >;=t. Then M is a Brownian Motion.
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Proof of existence of Brownian Motion. Motion?

Existence Proof

However, it is by no means obvious that a process with the
properties defined above exists.

The proof is based in the Wiener construction of Brownian
Motion, and it has been modified and simplified by Lévy and
Cielielski.
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Proof of existence of Brownian Motion. Motion?

Existence Proof

Construction...

Let {5,(<”); ne€ N,k € l(n)} be a countable set of independent
random variables on the probability triple (£2,.7,P) with

> f,g”) have a normal distribution with mean zero and variance
1.

» [(n) is the set of all odd natural numbers that are smaller
than 2".
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Proof of existence of Brownian Motion. Motion?

Construction...

Existence Proof

BO —o, BO _ ¢

Given n € N, suppose that the value Bl(('};l_)l have been specified

for k=0,1,...,2" 1. We define {B!""":0 < t <1} by
interpolation of the specified points.

Define s = (k—1)/2", t = (k+1)/2", un= (B" Y 4+ B" Yy /2,
and 0% = (t —s)/4 =1/2"1,

forall k=1,..2"1 -1,
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Proof of existence of Brownian Motion. Motion?

Construction...

Existence Proof

BO —o, BO _ ¢

Given n € N, suppose that the value Bl(('}gl_)l have been specified

for k=0,1,...,2" 1. We define {B!""":0 < t <1} by
interpolation of the specified points.

Define s = (k—1)/2", t = (k+1)/2", un= (B" Y 4+ B" Yy /2,
and 0% = (t —s)/4 =1/2"1,

for all k =1,...,2"~1 — 1. The full process {B{":0 < t < 1} is
similarly defined by interpolation.



Proof of existence of Brownian Motion.

Construction...

«aO)» «FH)» « =)

4« =)




What Is... Brownian

Proof of existence of Brownian Motion. Motion?

Construction...

Existence Proof

H{O) = 1



What Is... Brownian

Proof of existence of Brownian Motion. Motion?

Construction...

Existence Proof

( 2(n-1)/2, k2—nl <t< 25

ngn) = _2(n—1)/27 2_kn§t<k2—|’—71
0, otherwise.




Proof of existence of Brownian Motion.

Construction...

1

( 2(n-1)/2 k2—nl <t< 25

n— k k+1

I G L S

| 0, otherwise.

t

/H,((")(u)du

0
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Proof of existence of Brownian Motion. Motion?

Construction...

Existence Proof

HO .= 1
( 2(n-1)/2 k2—nl <t< 2&
ngn) = { _ob-1/2 2—kn§t< k2—|’—71
| 0, otherwise.
t
SIE") = / H,((n)(u)du
0

S,E") are tent functions height 2=("*1)/2 centre k/2" and they are
non-overlapping for k € I(n).
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Proof of existence of Brownian Motion. Motion?

Existence Proof

Construction...
Trivially B? = {504y,

From induction, we get

B\ (w) = S‘ N EM(W)SIM(1), 0<t<1; n>0

m=0 kel(m)
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Proof
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Lemma.

Proof

B(b, > n)

kel(n)

= IP( U {‘glgn)|>n}
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Proof

Existence Proof

B(br>n) = (U (161> n})

kel(n)
< 2"P(|e\”] > n)
2 2ne—n2/2

S —
s n

=Y P(by>n) < o0

n>1

We use the BorgI—CanteIIi Lemma to show that there is a set
Q2 C Q with P(©2) = 1 on which there is random integer n(w)
such that b,(w) < n for all n > n(w).
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Proof

S Y EP@SI < S a2t <o

m=n(w) kel(m) n=n(w)
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Lemma.

Existence Proof

Proof

Z Z |§(m) S(m) (t)] < i n2—(n+1)/2 -

m=n(w) kel(m) n=n(w)

In otherwords, Blg")(w) converges uniformly in t to a limit B;(w)
whenever w € ©. A basic result in analysis gives the conclusion
that B is also continuous on t € [0, 1].
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Existence Proof

The sequence {B,_Sn); 0 <t<1}°, converges a.s. to a
continuous process B;, and the process {B;, ZEZ;0 <t <1} is a
Brownian Motion on [0, 1].



Theorem

Proof

Clarification of notation:

«aO)» «FH)» « =)

4« =)




What Is... Brownian
Motion?

Theorem

Proof

Clarification of notation:

Existence Proof

{FE:0 <t <1} is the filtration generated by the paths of B on
0<t<1;



What Is... Brownian
Motion?

Theorem

Proof

Clarification of notation:

Existence Proof

{FE:0 <t <1} is the filtration generated by the paths of B on
0<t<1;ie, ZE the information about all of the paths of B

up to time t.



What Is... Brownian
Motion?

Theorem

Proof

Clarification of notation:

Existence Proof

{fftB; 0 < t <1} is the filtration generated by the paths of B on
0<t<1;ie, ZE the information about all of the paths of B

up to time t.

This means that, in order to prove the theorem, we just need to
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Theorem T

Proof

Clarification of notation:

Existence Proof

{fftB; 0 < t <1} is the filtration generated by the paths of B on
0<t<1;ie, ZE the information about all of the paths of B
up to time t.

This means that, in order to prove the theorem, we just need to
prove that the process B satisfies the definition that we laid out
for a Brownian Motion at the beginning.

The remainder of the proof is a technical. The main point to
bear in mind is that the space of Gaussian processes is closed;
I.e., a finite linear combination of independent normally
distributed random variables is also normally distributed.
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Theorem T
Proof
To sketch the remainder of the proof, it suffices to complete the Existence Proof

following steps:

1. Show that the increments {B,E'})z — B((Z)_l)/zn},z(r;l are
independent, normal distributions with mean zero and

variance 2~ ",

2. Let 0=ty < t; < ... < t, <1 be dyadic rational numbers.
Show that the increments {B; — B;,_, }/_; are independent,
normal random variables with mean zero and variance
tj — tj_1, respectively.
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Theorem T
Proof
To sketch the remainder of the proof, it suffices to complete the Existence Proof

following steps:

1. Show that the increments {B,E% = B((,':)_l)/z,,},%n:1 are
independent, normal distributions with mean zero and
variance 27",

2. Let 0=ty < t; < ... < t, <1 be dyadic rational numbers.
Show that the increments {B; — B;,_, }/_; are independent,
normal random variables with mean zero and variance
tj — tj_1, respectively.

3. Llet0=th) < t; < ... < t, <1 be real numbers. Show that
the increments {B;, — B;,_, }]_; are independent, normal

random variables with mean zero and variance t; — t;_1,
respectively.
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